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Projective Camera Model

- Pin-Hole Lens Model

Focal Plane P(Xv, Y, Zv)

Image Plane

The world's 3D information is projected onto the
image plane through the Optical Center located

at a distance equal to the Focal Distance of the
image plane.

Optical
Optical Axis

The Optical Axis is the line perpendicular to the
P(xy) image plane and passing through the optical center.

The Focal Plane is the plane that passes through the optical center
and whose points have no projection on the plane of the image.
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Geometria Proyectiva

 No conserva la distancias

* No conserva las rectas paralelas

* No conserva los angulos

“An Introduction to Projective Geometry (for computer vision)” Stan Bircheld “Projective Geometry for Image Analysis” RogerMohr and Bill Triggs
Stanford University — http://robotics.stanford.edu/~birch/projective/ INRIA (ISPRS, Vienna, July 1996) https://hal.inria.fr/inria-00548361/PDF/Mohr-isprs96.pdf
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Homogeneous Coordinates (Projective)

- Euclidean Space R x = [xq, ,,,’xn]T € R™
- Projective Space P" X = [xq,, xp, 1" e p?

- In homogeneous coordinates a point is defined up to a scale factor:

~

=y ifexists A+ 0 sothat x; = Ay;

T

X€eP* si Xx=|[xq,,Xn41]’ withsome x;#0

- Affine Subspace :

T
= T _
X =[x1, Xn, Xng1]” = x = [ ] Xn+1 # 0

) )
Xn+1 Xn+1

X = [x1; " Xn O]T

Point at infinity

¥=10,---,0]7 Does not exist
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Pin-Hole Lens Model

M (xw, Yw, zw)

Image Plane

”'/(Cx"/;y) .
Principal |
Point _,

- — ~ f 0 0
0 0 1
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Pin-Hole Lens Model

M (xw, Yw, zw)

Image Plane

Z, -

7 Xu _ Xe
Optical Axis’ Y Ye
o (Cx»c) Y —_— = 5
D f Z

Principal i X

Point ‘

““Optical Center
y p

c

Coordenadas 2D normalizadas: f=1

X X
n Xy f 0 0 0 YC YC 1 X, ¥
ny,|=10 f 0 0 ¢ =A0[I 0]1.¢ n Y, c
Ze Z Ay =1 0] =Y,
n 0 0 1 O n Z,
1 1 A ! Z.
f 0 0 - ; _)&
0 0 1 C?EAElﬁi _E
c




3D Vision. Camera Model

ISA-UMH

|ldeal/Thin Lens Model

- Optical rays passing through the center of the lens do not suffer any deflection

- Rays that enter parallel to the optical axis of the lens converge at a point on the optical axis at a distance
from the center of the lens equal to the focal length

- Produces the same projection equations as the Pin-hole model

Plxw, yw, zw)

S /7
7 /«/
P —
L

d out

Gauss's Law

Magnification

dint

dout

m =
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Other Projection Models

« Orthographic Projection

- The rays fall perpendicularly to the plane of the image (as if they were
coming from infinity). Produces a linear model

- Valid when:

- The viewing angle is small

« The size of the object is small versus the distance

_x nx, f 0 0 O e
xu_ C Y
—v = ny,[=10 f 0 0 ¢
Yu = I¢ Zc
n 0 0 0 f |
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Other Projection Models

« Weak Perspective Projection

- Also called scaled orthographic projection

- The object is supposed to be at a certain distance z,

X X

7u=z—c nx, f 0 0
o ny,l=10 f 0

y_uzﬁ n 0O 0 O

=

- N
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Other Projection Models

- ‘Fisheye’ Projection: Scaramuzza’s Model

- Wide-angle/omnidirectional lenses

!
u
[ o' ] Distorted image coordinates (pixels)

[ ] Corrected image coordinates (metric)
v

- Model equations:
=15 1Bl L]

flp) =ap+ap+-+app™

p =+ u?+v?
X¢ u
5 Projection beam (center F')
P = Ye| = v i
(Camera Coordinates)
zel Lf(p)

“A Toolbox for Easy Calibrating Omnidirectional Cameras” Scaramuzza, D., A. Martinelli, and R. Siegwart
Proceedings to IEEE International Conference on Intelligent Robots and Systems, (IROS). Beijing, China, October 7—15, 2006

Plano de
Proyeccion l

A

u

v
f(p)

|
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Camera Model Parameters

- Intrinsic Parameters: Those describing the geometry and optics of the
camera and the Image Acquisition Card. They affect the process that a
luminous ray follows from reaching the lens until it hits a sensor element

- Extrinsic Parameters: Those defining the orientation and position of the

camera, relative to a known coordinate system, which will be called the World
Coordinate System (R, t)




3D Vision. Camera Model ISA-UMH

14

Intrinsic Parameters

- Focal distance
- Distance separating the optical center from the plane of the image (in millimeters)

- Scale Factors
- Relate the coordinates (mm) of the image plane, to the pixel coordinates of the storage memory

- Principal Point
- Itis the intersection point between the optical axis of the camera and the image plane

- Distortion Coefficients

- Geometric distortion affects points on the image plane
(optical aberrations)

- The amount of position error depends on the position of the
point on the plane of the image

- Three types of distortion
- Radial Distortion
- Tangential Distortion
- Prismatic Distortion
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Intrinsic Parameters

- Total Distortion

- Distortion model in OpenCV (Open Source Computer Vision), http://opencv.org/

Radial
\

Tangential

\

Prismatic
\

(

|

| |

D, (%, Vi) = kqy12x, + kortx, + k3r®x, + 2p1x, vy, + 0, (2x2 +12) + 5,72 + 5,14
Dy (X, Yn) = kar?yn + kor*yn + kar®yy + 202%, Y + 01 QY7 +12) + 5177 + 5,1

2=k + R

Xg =Xy T f : Dx(xn: Yn)
Ya =Yu t [ Dy0cn, yn)

|

Normalized 2D coordinates: f=1

Xp = XC/ZC}
Yn =Y. /Z,

Xu

Yu
1

|

f 0 0
0 f 0
00 1

|

Xn

Yn
1

] g = Ayt my,

~

|

Xn

Yn
1



http://opencv.org/
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Intrinsic Parameters
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» Radial Distortion Image without Distortion

)

=y

Am B

Image with Radial Image with Radial

Distortion k;=0.04 Distortion k;=-0.04
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Other Distortion Models

- ‘Fisheye’ Distortion: Kannala’s model - OpenCV

- Wide-angle lenses
- Model equations:

Xn = Xc/Zc} ré = x% + yr%

Y =Yc/Z 6 = atan(r)

DQ(Q) - 0(1 + klgz + k264 + k396 + k498)

_Dy(6)
Xa = - "Xn
_Dy(6)

Ya = r Yn

“A generic camera model and calibration method for conventional, wide-angle, and fish-eye lenses” J. Kannala and S. Brandt,
[EEE Transactions on Pattern Analysis and Machine Intelligence, vol. 28, no. 8, pp. 1335—1340, 2006
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Coordinate Systems

M (xw, Yw, zw)

Image Plane

T (eney
Principal !
Point !

" Optical Center

* World Coordinates: (0;X,,,Y,, Z,)

» Camera Coordinates: (0.; X., Y., Z.)
- Central Image Coordinates: (Cy, Cy; %y, %1,)
« Normalized Central Image Coordinates: (f = 1) (Cy, Cy; Xy, V)

- Lateral Image Coordinates: (0y;x;,y7) or (u,v)
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Projective Equations

- Relationship between the world coordinates and the camera coordinates:

M(xw, yW, ZW)

Image Plane

Principali
Point
Xc "1 Tiz Tz Gx|[Xw Xw T
Yol _ |21 122 123 4|V | _ [Rg" tg"] Y, i, = [Rc tc] i,
ZC 7"31 T32 T'33 tZ ZW 0 1 ZW O 1
1 0 0 0 1 1 1
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Projective Equations

- Relationship between camera coordinates and central image coordinates:

M(xw, yW, ZW)

Y, Y.
o . Image Plane
XW'/< L X - :
Z,
- Zc\_ id E S
Opticaleis‘f
ey v o
Principal | X
Point ¢
// Optlca| Conter
Y
n xy, f 0 0 O YC o
nyy,[=10 f 0 0 ZC my, = dog M
n 0O 0 1 O 1C
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Projective Equations

- Relationship between the undistorted and distorted central image coordinates of the image:

M(xw, yW, ZW)

Image Plane

Optical Axis~

Principal |
Point _,

Xg = Xy t+ f : Dx(xnr Yn)
Ya = Yu + f - Dy(xn, ¥p)
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Projective Equations

- Relationship between the lateral and central image coordinates:

M(xw, yW, ZW)

Image Plane

Optical Axis~

nyq
n

X = Kyxq + Cy [ ]
: e
Vr = Kyya + G, n

K, 0 Cx] [nxd]
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Projective Equations

- Summary of Transformations:

M (xw, Yw, z,)

Principal !
Point

Image Plane
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Projective Equations

- Central coordinates of the camera from the world coordinates and model parameters:

(X, (X1 [r11 Tz Tz G| [Xw

qu = g ; g 8 Y. Y. _ |21 T2 T2z by Y.,

)T ! Z Z T34 T3y T3z t;||Z

n O 0 1 O ¢ ¢ w

[ 1] [ 1 ] L 0 0 0 11L1
S fx Xy Yy, 13z, it

w ==
h o f 0 0 12 Tis s Y, - r31Xw+r32YW+T'3BZW+tz
ny, =10 f 0f|fz1 Tz T2z || W[ == X y Z

n O O 1 T31 7"32 T'33 tZ ZW _ r21 W+r22 w +T'23 w +ty
-1 T X Y + Teale + 8
\ 314w 321w 334w z

Euclidean coordinates
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Projective Equations

- Lateral coordinates of the camera from the world coordinates and model parameters:

Xd =xu+f'Dx(xn:yn) h

= - D
Ya Yu + f y(xn;yn) > l {xf = Cx + Kxf : Dx(xnr yn) + Kxxu

Y = Cy + Kyf ) Dy(xn» yn) + Kyyu

s/

X = Kyxg + Cy
Vr = Kyya +Cy
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Projective Equations

- Matrix relationship between the world coordinates and the lateral coordinates of the camera
(without distortion). Projection Matrix

L R Y] o
r=di A |0 ] w
T T T t,. 11X
nx K O C O 11 12 13 X w
nyf _ gf ks . 1 Tz Tz ty||Y, m=a o [F tg"] i
! Y Y 31 T3z T33 G| |Zy B 0 1
n 0 0 17009 o o 1ll1
@ ~ O w w
£ c Ai=A[RY t¥] M
A= 10 f, ¢
0O 0 1
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Projective Equations

- Components of the Projection Matrix (without distortion)

nxs Kef rin +Cersy Kof g + 013y Kefris+Cersz Kefte + 00t Xw
[n yf] =|[Kyfryn+Cyr31 Kyfryp+Cy13; Kyfrys+C,r33 Kft,+C, t "
n T31 32 33 ty 1W
n=["11 T2 T3] nx KefT +CT3 Kif tx +Cx ty );W
if {7 =["21 Taz To3] ‘ [n yf] =|K,fro+C,75 K, ft,+C(,t, ZW
73 =[T31 T32 T33] n T3 t, 1W




3D Vision. Camera Model ISA-UMH 29

Projective Equations

- Equations considering distortion:

fx 0 Cy
= ARY Y], A=|0 f cy]
0O O 1

Normalized 2D coordinates without

Distortion equations:
distortion: 9

~ L Xn x¢ = x,(1 4 kqr? + kor* + k31®) + 2p1 %,y + 02 (2x2 +172) + 5172 + 5,14
g =A™ -my = Y| = 2 .2 2 4
- u = 1” y& =y, (14 kyr? + kyr* + k3r®) + 2p,x,Vn + p1(2Y2 +12) + 5172 + 5,7
r? = xZ + Y2

Distorted 2D coordinates

d

Distorted-standard iy Xn

2D coordinate: q- = |yd m=A4- qd
1
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Projective Equations

- Summary: M(%, Y, Z4)
Y, Y.
o Image Plane
Z,
. Zc\_,
Optical Axis’f
< (ewey) :
(= =
v ..I"""""'Optical Center
m=PM=[P p]M Optical Center Position:
0] _[R t] [C = . [-RTt
— [1]_[0 1] [1]"C—[1]
m=A[R t|M
fr 0 G
= A= |0 C
m=AR([] RTt|M=AR[I -C]IM 0 fg 1y
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General Camera Model

- We can model the camera from the projection ray
- Allows to include distortion or more complex projection models

/ NS Calibration

|t

i

Projection
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Projective Equations

- Projection ray from an image point (no distortion):
M(xw,yW,zw)

Image Plane

< ety
Principal !

Point Xe

“Optical Center

Projection Ray in Camera Coordinates:

X
M=A[R t|M e Yoy P
~ -1 ~ ~ ZC ]‘-/V ZW
g=A"t-m= [R t|M
Xc
Normalized 2D projected coordinates: i =A1l-m =~ |y > -1 .~
origin principal point, f=1: 1 Zi. Xe = A m
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Projective Equations

- Ray projection from an image point (with distortion, OpenCV model):
M(xw,yW,zW)

Plano de Imagen

Eje Optico”

(€
Punto
Principal :

Normalized 2D projected coordinates (distorted): Centro Optico

x2 x3 = x, (1 + k1% + kor* + kar®) + 2p,x, v, + 0, (2x2 +12) + 5,72 + 5,74
gr= ATt M o= yd y& =y, (L + kyr? + kvt + kar®) + 2p,x, v, + 01 2y2 +12) + 5,72 + 5,74
1 rf=Xn+yn

le
Distortion equations -—) = [}’n]
1

X, . _ Xn 2D coordinates (undistorted):
i.=|v|= R am Xe =G = |¥n G~ g
Zc 1 mu = A q
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